Synopsis : A water-hammer action develops in a pipe when the valve is periodically opened and closed at the end of an elastic pipe. Since this phenomenon is similar in appearance to an elastic vibration, there arises a question if a resonant vibration could be introduced at a certain period of alternate opening and closure of the valve to render the resulting water-hammer unstable. Questions have also been aroused as to the spatial and temporal distribution of the water-hammer occurring under such conditions. The present study has treated of these problems both in theory and experiment.
INTRODUCTION
As a recent trend a regulating valve of a hydroelectric plant has to be opened and closed periodically in response to the demand of, such as, a strip mill of an iron work where power must be fed periodically. When a flow section is thus periodically varied at an end of an elastic pipe, the flow velocity changes accordingly and as a result a water-hammer action develops inside the pipe depending on the elastic characteristics and shape of the pipe and the elastic characteristics of water. Not much study has been done in respect to this type of water-hammer action either theoretically and experimentally, and key problems remain unsolved. This is due theoretically to nonlinearity of the boundary conditions and complexity of the computation procedures involved, and experimentally to limitations imposed on the pipe length and a special device needed for the structure of a valve model which must be opened and closed in rapid succession. 
Fortunately

THEORETICAL CONSIDERATION
The denotations used in this paper are defined below in reference to 
where These nonlinear equations are linearized on the assumptions below.
(1)
The pressure due to water-hammer is relatively small as compared with the hydrostatic pressure.
(2) Changes in flow velocity due to water-hammer is small as compared with the initial velocity.
The density of water p and wave velocity of the water-hammer a are constant.
(4) Variation in gate ratio which represents the ratio of opening of the valve is small.
The following relationship hold,
Now that the initial conditions P(0, 0) and V(0, 0) are already known, our remaining problem is to determine p1 (x, 0), vl (x, 0), p2 (x, t), and v2 (x, t). The terms p1 (x, 0) and vl (x, 0) are the stationary solutions. Hence they can be determined on the assumptions already made and by further assuming that these stationary terms are small as compared with P(0, 0) and V(0, 0).
Substituting these results and rewriting the fundamental equations (1) and (2) with p2 and v2, we obtain linear fundamental equations in respect to p2 and v2, as follows.
(5)
where Vq=V(0, 0) and Po=P(0, 0).
We may rewrite these fundamental equations by using 10 non-dimensional terms shown below.
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Further, the initial and boundary conditions may be rewritten by using the same non-dimensional terms as follows. If it is assumed that the Torricelli's theorem holds, V (L, t)='(t),/P(L, t), and based on the previous assumptions, this is linearized in a non-dimensional form as where (13) In ordinary cases, the value of in is very small, so that we may put v =1, r=1-2 Therefore, Eq.
(13) is reduced to Here, we may use as the boundary conditions, instead of Eq. (13),
If we assume that in and f are small as in the case of Eq. (14") the Laplace transform in respect to pressure is
The inverse transform can be obtained and expressed as follows.
Here, (z) can be an arbitrary function, but, if so, the integration is rendered considerably difficult.
We have carried out the computation of Eq. (17) for a particular condition expressed by r(z)=Bsin2nz (18) As a result the following relationship has been obtained The inverse transform is also obtained
where
such that the computation is carried out relatively with ease when the effect of viscosity is neglected.
However, since these serial expressions converge poorly, the computation is considerably complex for a for the pipe system of our experiment.
D=O.lOm L=100m a-1000m/sec Ho=15m large value of z. The physical significance and computed examples of Eq. (24) will be discussed later.
(4) In case the valve is opened and closed periodically.
The water-hammer due to periodic opening and closure of the valve can be determined by computing the inverse transform of Eq. (14). However, since this is generally impossible, we have confined our objective to such cases where the effect of viscosity is negligible. Eq. (14") then becomes (26) which corresponds to the boundary condition Eq. (13"). It s all but impossible to obtain the imverse transform of this equation for the arbitrary gate ratio function (z) by using the residue theorem just as done by George R. Rich for the special case shown below. However, our method has turned out a result through a relatively simple procedure and also allowed a clear representation of its physical significance. Let us briefly review the Rich's method33. For a particular condition cP (z) = B sin 2 rz, where a stationary state prevails after disappearance of a relatively earlier water-hammer, i.e., for the limit condition where z00, the imverse transform of Eq. (26) becomes
The above method is not available for giving the water-hammer pressure at the earlier stage, but suffices to give stable and unstable conditions of the water-hammer pressure which is generated by periodic opening and closure of the valve.
We have succeeded in obtaining a relationship which provide; the water-hammer pressure at the earlier stage and for an arbitrary function of c(z), as follows.
Eq. (26) is rewritten in exponential terms
Considering further that p is a positive value and -1<1, the relationship is developed in terms of
Thus the inverse transform of this equation is obtained as follows. The physical significance of Eqs. (24) and (30) is illustrated in Fig. 3 
EXPERIMENTS
In the preceding chapter a theoretical analysis of the water-hammer pressure has been discussed for the cases where the valve is opened and closed periodically. We will now proceed to verify the theoretical results through experiments.
One of the greatest difficulties encountered was the structure of a valve model which is durable to high-frequency vibration. After a series of futile efforts we have fortunately succeeded in designing a valve of special type. Outline of the experimental equipments and a part of the experimental results will be discussed below. Fig. 7 gives a schematical representation of the experimental equipments, which includes (1) pipeline, measured by the 60-notch weir (4). Now, the main valve (6) is started by the motor and arm is connected and each hole gives a different length of stroke. The holes (5), denoted A, B, C, D, E, and F, can produce six different angles of revolution of the main valve to control the variation ratio of the discharge through the section of the flow, i.e., the gate ratio.
In order to determine the expression of the gate ratio' (t), a discharge under the hydrostatic head was measured for the variable angle of revolution of the pulley (3) and the expression of V (t) was estimated from the following relationship.
Q= cx (t)/2 gHo=const x '(t)
This relationship shows that the expressions of (t) and Q are similar. The results are shown in Fig. 9 .
Measurements of the water-hammer wave were conducted by using a strainmeter and an oscillograph. Hence it follows that, when the Theoretical curve e 9 (27)
